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The stress ﬁeld due to a half-plane inhomogeneity with plane eigenstrain is obtained by a limiting
procedure from the one of a circular Eshelby inhomogeneity/inclusion. This ﬁeld, which requires tractions
to be applied at inﬁnity to be sustained, has minimum strain energy versus any other superposed homo-
geneous one, and is the Eshelby solution inside plus the Hill jump conditions. By superposition, the stres-
ses due to an inﬁnite strip (Eshelby property domain) inhomogeneity with eigenstrain are obtained, and,
by superposition periodic strips or laminates can be obtained. By cancelling the stresses on a free-surface,
strips of inclusions meeting a free surface are solved. They exhibit tensile stresses under the free surface,
and logarithmic singularities in the tensile stress at the vertex, which may initiate cracking. The Eshelby
self-forces on the boundary of circular and half-plane inhomogeneities are computed.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The stress ﬁelds of half-plane inhomogeneities are determined
by a limiting procedure from those of the circular Eshelby inclu-
sions/inhomogeneities (Eshelby, 1956, 1958) with plane eigen-
strain. This limit determines the tractions that need to be applied
at inﬁnity in order for a semi-inﬁnite inhomogeneity/inclusion to
be sustained. Any additional superposed tractions at inﬁnity pro-
ducing self-equilibrated compatible stress ﬁelds will increase the
strain energy (Mura, 1982, p. 83), and thus the ﬁeld obtained by
the limiting procedure is the minimum energy solution, and the
problem is well-deﬁned. There is no unique solution to this prob-
lem due to the inﬁnite domain, and by taking the limit of the un-
ique ﬁnite domain one, we obtain the one which we deﬁne as
‘‘the solution”, which also corresponds to the minimum energy
one. This limit coincides with the Eshelby solution inside plus
the Hill (1961) jump conditions. By superposition of this solution,
the inﬁnite strip inhomogeneity with eigenstrain is solved, while,
by superposition, and by the Eshelby method of equivalent inclu-
sions, several inﬁnite strips of inhomogeneities (or laminates of
different materials) with eigenstrains may be solved. Furthermore,
by cancelling stresses on a free surface, inclusion wedges (of the
same material) meeting a free surface are solved. They exhibit ten-
sile stresses under the free surface, and logarithmic singularities in
the tensile stress at the vertex where the strip (half-space) meetsll rights reserved.
off).the free surface at an angle, prone to initiate cracking. It may be
noted here that solutions of circular inclusions in a half space have
been studied in the literature (e.g. Al-Ostaz et al., 1998), but those
solutions may be helpful in obtaining by an analogous limiting pro-
cess strips parallel to the free surface.
The self- forces acting on the interfaces of inclusions/inhomoge-
neities have been deﬁned by Eshelby et al. (1970, 1977) on the ba-
sis of the J integral applied to an interface, and by Gavazza (1977)
on the basis of change in the energy due to a perturbation of the
domain, as:
F ¼ sWt T  s ou
on
t ð1Þ
where the symbols indicate jumps. Equivalently, expression (1)
takes the form (Eshelby, 1977)
Fk ¼ 12 r
out
ij þ rinij
 
eijnk ð2Þ
Here the self-forces are computed for the circular and half-plane/
strip inhomogeneities with eigenstrain. An interesting result is that
a half-plane inhomogeneity in pure shear eigenstrain for any
bimaterial combination has vanishing Eshelby self-force, which
renders the interface unstable.2. Stress ﬁeld of a circular inhomogeneity
We obtain the elasticity solution for a circular inclusion with
eigenstrain in a matrix of a different elastic material. We will use
Fig. 1. A circular inhomogeneity with eigenstrain.
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the inhomogeneity becomes a half-space.
We consider a circular inhomogeneity of radius a located at the
origin of the coordinate system (Fig. 1).
The elastic moduli of the inhomogeneity are l2 and j2, and
those of the matrix l1 and j1, where the Kolosov constant
j = 3  4m in plane strain and j = (3  m)/(1 + m) in plane stress, m
being the Poisson’s ratio. The eigenstrain is
exx ¼ e1; eyy ¼ e2 for r < a
and is decomposed into a volumetric part with
g1 ¼
e1 þ e2
2
–0; g2 ¼
e1  e2
2
¼ 0
and a shear one with
g2 ¼
e1  e2
2
–0; g1 ¼
e1 þ e2
2
¼ 0
Since the eigenstrains are compatible, they integrate to the
displacements (ux; u

y)
ux ¼ e1x ¼ e1r cos h; uy ¼ e2y ¼ e2r sin h for r < a
or in polar coordinates (ur ; u

h)
ur ¼ 12 e1 þ e2ð Þr þ 12 e1  e2ð Þr cos 2h for r < a
uh ¼  12 e1  e2ð Þr sin 2h
(
ur ¼ uh ¼ 0 for r > a
ð3Þ
The stresses needed to make the displacements continuous at the
interface r = a are determined by means of the Airy stress functions,
considering the volumetric and shear eigenstrain cases separately.
2.1. Volumetric eigenstrain in a circular inhomogeneity
In this case we have
exx ¼ eyy ¼ g1  e or ur ¼ er; uh ¼ 0
Consider the Airy stress functions for regions occupying materials
‘‘1” (matrix) and ‘‘2‘‘ (inhomogeneity), respectively:
U1 ¼ 2l1A log r; U2 ¼ 2l2Dr
where the coefﬁcients A and D are determined from the boundary
conditions of continuity of displacement and traction
uð1Þr ¼ ur þ uð2Þr
rð1Þrr ¼ rð2Þrr ; rð1Þrh ¼ rð2Þrh
at r ¼ a ð4Þ
which result to
U1 ¼ 2Kea2 log r; U2 ¼ Ker2
with K ¼ 2l2
2Cþ j2  1 ; C ¼
l2
l
ð5Þ
1so that the stresses in regions ‘‘1” and ‘‘2”’ are:
rð2Þrr ¼ 2Ke; rð2Þhh ¼ 2Ke
rð1Þrr ¼
2Ka2e
r2
; rð1Þhh ¼
2Ka2e
r2
ð6Þ
In view of (6), the self-force, or Eshelby force, on the boundary
of the circular inclusion is computed from (1) to yield
Fr ¼ 12 r
ð1Þ
rr þ rð2Þrr
 
err þ
1
2
rð1Þhh þ rð2Þhh
 
ehh ¼ 2Ke2
which is consistent with Gavazza (1977), and which is independent
of the angle and would tend to preserve the shape in any perturba-
tion of the domain.
2.2. Shear eigenstrain in a circular inhomogeneity
We consider a circular inhomogeneity with shear eigenstrain
exx ¼ eyy ¼ e,
so that
ur ¼ er cos 2h; uh ¼ er sin 2h
The stress functions
U1 ¼ 2l Ba
4 cos 2h
r2
þ Ca2 cos 2h
( )
U2 ¼ 2l2Er2 cos 2h
ð7Þ
satisfy the boundary conditions (4)
with B ¼ CK; C ¼ 2CK; E ¼ K
where now K ¼ ðe1  e2Þ=2
2ðCj1 þ 1Þ ¼
e
2ðCj1 þ 1Þ ; L ¼
2l2
Cj1 þ 1
ð7aÞ
yielding the stresses:
rð1Þrr

r¼a ¼ rð2Þrr

r¼a ¼ Le cos 2h
rð1Þhh

r¼a
¼ rð2Þhh ¼ Le cos 2h
rð1Þrh

r¼a
¼ rð2Þrh

r¼a
¼ Le sin 2h
ð8Þ
In view of (8), and the eigenstrains
err ¼
our
or
¼ e cos 2h; ehh ¼
1
r
ouh
oh
þ ur
r
¼ e cos 2h
2erh ¼ crh ¼
1
r
our
oh
þ ou

h
or
 u

h
r
¼ 1
2
e sin 2h
the Eshelby force is evaluated according to (2):
Fr ¼ 12 r
ð1Þ
rr þ rð2Þrr
 
err þ
1
2
rð1Þhh þ rð2Þhh
 
ehh þ
1
2
rð1Þrh þ rð2Þrh
 
eyy
¼ 2e2L sin2 2h ð9Þ
which will tend to deform the shape of the inhomogeneity.3. Stress ﬁeld due to eigenstrains in a half-plane
3.1. Volumetric eigenstrain
The stress ﬁelds due to the eigenstrain occupying a half-plane
will be obtained from those of the circular inhomgeneities by a
limiting procedure.
We express the stresses derived from the stress functions
U1 ¼ 2Kea2 log r; U2 ¼ Ker2
with K ¼ 2l22Cþj21, and for identical materials K ¼
2l
jþ1,
in terms of Cartesian coordinates:
Fig. 2. Limit of circular inhomogeneity as a?1.
Fig. 3. Half-plane with shear eigenstrains.
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2
r4
 
rð2Þxx ¼ 2Ke
rð1Þxy ¼ 2Kea2 2xyr4 r
ð2Þ
xy ¼ 0
rð1Þyy ¼ 2Kea2 1r2  2x
2
r4
 
rð2Þyy ¼ 2Ke
ð10Þ
with r2 = x2 + y2, and are consistent with the Eshelby solution
(1957).
We now shift the coordinates to a new system (Fig. 2)
x0 ! x a
y ! y
r2 ! ðx aÞ2 þ y2
ð11Þ
so that in the new system, the stresses are written
rð1Þxx ¼ 2Ke 
a2
ðx aÞ2 þ y2 þ
2a2ðx aÞ2
½ðx aÞ2 þ y22
( )
rð1Þxy ¼ 2Ke
2ðx aÞya2
½ðx aÞ2 þ y22
rð1Þyy ¼ 2Ke
a2
ðx aÞ2 þ y2
 2a
2ðx aÞ2
½ðx aÞ2 þ y22
( )
rð2Þxx ¼ rð2Þyy ¼ 2Ke; rð2Þxy ¼ 0
ð12Þ
In the above expressions we take the limit as a?1, noting that
a2
ðx aÞ2 þ y2
! 1; a
2ðx aÞ2
½ðx aÞ2 þ y22
! 1
so that as a?1,
the limiting values of the stresses in the half-planes ‘‘1” and ‘‘2”
are:
rð1Þxx ¼ rð2Þxx ¼ 2Ke
rð1Þxy ¼ rð2Þxy ¼ 0
rð1Þyy ¼ rð2Þyy ¼ 2Ke
ð13Þ
We observe that the jump in the ‘‘hoop” stress rð1Þyy ¼ rð2Þyy at the
interface is independent of the bimaterial combination.
3.2. Shear eigenstrain in a half-plane
We consider a circular inhomogeneity with shear eigenstrain
exx ¼ eyy ¼ e; exy ¼ 0
and from the stress functions (7), we derive the stresses in Cartesian
coordinatesrð1Þxx ¼ 2l1 Ba4 
6
r4
þ 48x
2y2
r8
 
þ Ca2 12x
2
r4
 16x
4
r6
 	 

rð1Þxy ¼ 2l1 Ba4
24xy
r6
 48x
3y
r8
 
þ Ca2 8xy
r4
 16x
3y
r6
 	 

rð1Þyy ¼ 2l1 Ba4
6
r4
 48x
2
r6
þ 48x
4
r8
 
þ Ca2 4
r2
 20x
2
r4
þ 16x
4
r6
 	 

ð14Þ
and
rð2Þxx ¼ 2lð2EÞ; rð2Þxy ¼ 0;rð2Þyy ¼ 2l2ð2EÞ
with B, C and E assuming the values given in (7a).
We apply a coordinate translation in x: x0 ? x  a,
r2? (x  a)2 + y2 and take the limit as a?1,
noting that
a2
r2
! 1; a
4
r4
! 1; a
2x2
r4
! 1; a
2xy
r4
! 0; a
2x4
r6
! 1
a4xy
r6
! 0; a
2x3y
r6
! 0; a
4x2
r6
! 1; a
4x2y2
r8
! 0; a
4x4
r8
! 1
so that the limiting values of expressions (14) are
rð1Þxx ¼ rð2Þxx ¼ Le
rð1Þxy ¼ rð2Þxy ¼ 0
rð1Þyy ¼ 3Le;rð2Þyy ¼ Le with L ¼
2l2
Cj1 þ 1
ð15Þ
In the case of identical materials, we have K ¼ L ¼ 2ljþ1.
The above stresses—given by (15)—are necessary to be applied
at inﬁnity to sustain the half-plane with eigenstrain and are de-
picted in Fig. 3.
With these stresses, we compute the Eshelby force on the inter-
face of the inhomogeneity according to (2):
Fx ¼ 12 ðr
ð1Þ
xx þ rð2Þxx Þexx þ
1
2
rð1Þyy þ rð2Þyy
 
eyy
¼ 1
2
ð2LeÞeþ 1
2
ð3Leþ LeÞðeÞ ¼ Le2 þ Le2 ¼ 0 ð16Þ
Thus, the self-force on a (pure) shear plane inhomogeneity interface
vanishes for any bimaterial combination, and this renders the inter-
face unstable.
4. Superposed self-equilibrated compatible ﬁelds
Consider additional superposed tractions at inﬁnity Tð1Þx ; T
ð2Þ
x ;
Tð1Þy ; T
ð2Þ
y
Fig. 4. Superposed ﬁelds at inﬁnity.
Fig. 5. (a) Inhomogeneity Strip with volumetric eigenstrain in an inﬁnite solid. (b)
Inhomogeneity Strip with pure shear eigenstrain in an inﬁnite solid.
Fig. 6. Strip meeting a free surface.
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ity of tractions at the interface, we have
Tð1Þx ¼ T ð2Þx ¼ Tx ð17Þ
Compatibility of strains at the interface requires
eð1Þyy ¼ eð2Þyy at x ¼ 0
which, by Hooke’s law
eij ¼ 12l rij 
3 j
4
rkkdij
	 

; i; j ¼ 1;2
yields for the tractions at inﬁnity the relation
Tð1Þy Cðj1 þ 1Þ þ Tx C j1  j2ð Þ½  ¼ Tð2Þy j2 þ 1ð Þ
Dividing by C(j1 + 1) + j2 + 1, we obtain in terms of the Dun-
durs (1969) constants a, b the relation
ð1 aÞTð2Þy ¼ ð1þ aÞTð1Þy  2ða 2bÞTx ð18Þ
which the superposed tractions must satisfy.
As proved in Mura (1982, p. 83, Eq. 13.8), the total strain energy
is the sum of the two energies, the one due to the eigenstrains and
the one due to the tractions at inﬁnity. Hence, the superposed ﬁeld
above increases the strain energy so that the stresses obtained by
the limiting procedure from the circular inhomogeneity are the un-
ique ones of minimum strain energy, making the problem well
deﬁned.
5. Inﬁnite strips and semi-inﬁnite strips with eigenstrain
meeting a free surface
We consider inﬁnite strips of width H (see Fig. 5) with eigen-
strain, both volumetric and shear. The stresses are obtained by
superposition of two half-spaces of opposite eigenstrains shifted
by a distance H in the x direction, with the stresses obtained by
superposition of those given by Eqs. (13) or (15) (for volumetric
and shear eigenstrain, respectively). This yields vanishing stresses
outside the strip, and inside the strip compressive stresses in the y
direction of magnitude 4Ke for volumetric eigenstrain (Fig. 5a),
tensile of 4Ke for pure shear eigenstrain strip as in Fig. 5b. These
tractions will have to be applied at inﬁnity for the strip with
eigenstrain to be sustained. By superposition, and by the Eshelby
method of equivalent inclusions, several inﬁnite strips of inhomo-
geneities (or laminates of different materials) with eigenstrains
may be solved. It may be noted, that the stress/strain ﬁeld inside
the inﬁnite strips in constant, hence they are domains with the
Eshelby property (also, since they are obtained by the limit of
the Eshelby ﬁnite inclusion). The Eshelby force on the inﬁnite stripinterface is the same as on the half-plane inhomogeneity bound-
ary: F = 2Ke2 For a three-dimensional half-space dilatational
inclusion with moving plane boundary in general motion the
Eshelby force has been calculated by Markenscoff and Ni (submit-
ted for publication).
For a strip inclusion meeting a free surface (Fig. 6), the tractions
on the surface must be cancelled by superposing the ﬁelds due to a
half-plane with a free surface loaded on an interval AB by normal
and shear tractions p and q respectively. In case of the strip meet-
ing the free surface perpendicularly (a = 0 in Fig. 6), there are only
Fig. 7. Half plane loaded by normal traction.
Fig. 8. Half-plane loaded by shear traction.
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strain respectively, that need to be superposed to the inﬁnite strip
ones (Fig. 7).
The solution for the stresses due to normal tractions is given by
the Airy stress function (in the coordinates indicated in Fig. 7)
U ¼ p
2p
r22h2  r21h1
  ð19Þ
(see also, e.g. Timoshenko and Goodier, 1970, p. 104) producing
stresses at the free surface given by
rxx ¼ p2p fð2ðh2  h1Þ þ sin 2h2  sin 2h1g
rxy ¼ p2p f cos 2h2 þ cos 2h1g
ryy ¼ p2p fð2ðh2  h1Þ  sin 2h2 þ sin 2h1g
ð20Þ
Hence, for tensile p, there are tensile ‘‘hoop” stresses of magnitude p
under the free surface between A and B, which may initiate crackingat the free surface in this interval. Since this stress ﬁeld decays as 1/
R from the free surface, by Saint-Venant’s principle (e.g. Marken-
scoff, 1994) the stresses of the inﬁnite strip in the full space are
the leading terms away from the free-surface. In the three-dimen-
sional case of an inclusion strip meeting a free surface, not worked
out here, the stresses will decay as 1/R2, so that the Eshelby prop-
erty will hold up to fairly close the free surface.
For strips inclusions meeting the free surface at an angle a
(Fig. 6) there will be also shear stresses on the interval AB of the
surface that will need to be cancelled by loading q = 4Kesinacosa.
The stress function that solves this boundary-value problem is:
U ¼ q
2p fr
2
2ð log r2 cos 2h2  h2 sin 2h2Þ þ r22 log r2
r21ð log r1 cos 2h1  h1 sin 2h1Þ  r21 log r1g ð21Þ
and produces hoop stresses under the surface, which are given (in
the coordinate system indicated in Fig. 8) by:
ryyð0; yÞ ¼ 2qp log
y b
y a

 ð22Þ
These stresses are logarithmically singular at A and B, and, thus,
much more severe than the ones due to normal tractions p, and
may induce cracking at the points where the eigenstrain strip meets
a free surface obliquely.
It may be noted here that the solution of a strip inhomogeneity
meeting a free surface cannot be obtained by the Eshelby equiva-
lent inclusion method near the free surface, where the Eshelby
constant stress property does not hold for the strip inclusion meet-
ing a free surface.
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